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INTEGRABLE MULTIDIMENSIONAL CLASSICAL AND QUANTUM
COSMOLOGY FOR INTERSECTING P-BRANES
M.A. Grebeniuk1
Moscow State University, Physical Faculty, Department of Theoretical Physics, Moscow 117234, Russia
V.D. Ivashchuk2 and V.N. Melnikov2
Center for Gravitation and Fundamental Metrology, VNIIMS, Moscow 117313, Russia
Multidimensional cosmological model describing the evolution of one Einstein space of non-zero curvature and n
Ricci-flat internal spaces is considered. The action contains several dilatonic scalar fields ϕI and antisymmetric
forms AI . When forms are chosen to be proportional of volume forms of p -brane submanifolds of internal
space manifold, the Toda-like Lagrange representation is obtained. Wheeler–De Witt equation for the model is
presented. The exact solutions in classical and quantum cases are obtained when dimensions of p -branes and
dilatonic couplings obey some orthogonality conditions.
1 Introduction
In this paper we continue our investigations of multidimensional gravitational model governed by the
action containing several dilatonic scalar fields and antisymmetric forms [13]. The action is presented
below (see (2.1)). Such form of action is typical for special sectors of supergravitational models [1, 2]
and may be of interest when dealing with superstring and M-theories [3, 4, 5, 6].
Here we consider a cosmological sector of the model from [13]. We recall that this model treats
generalized intersecting p -brane solutions. Using the σ -model representation of [13] we reduce the
equations of motion to the pseudo-Euclidean Toda-like Lagrange system [17] with zero-energy constraint.
After separating one-dimensional Liouville subsystem corresponding to negative mode (logarithm of
quasivolume [17]) we are led to Euclidean Toda-like system We consider the simplest case of orthogonal
vectors in exponents of the Toda potential and obtain exact solutions. In this case we deal with a1 +
. . .+ a1 Euclidean Toda lattice (sum of n Liouville actions). Recently analogous reduction for forms of
equal rank was done in [8].
In this paper we consider also quantum aspects of the model. Using the σ -model representation and
the standart prescriptions of quantization we are led to the multidimensional Wheeler–De Witt equation.
This equation is solved in ”orthogonal” case.
2 The model
Here like in [13] we consider the model governed by the action
S =
1
2κ2
∫
M
dDz
√
|g|
{
R[g]− 2Λ−
∑
I∈Ω
[
gMN∂Mϕ
I∂Nϕ
I +
1
nI !
exp(2λJIϕ
J)(F I)2g
]}
+ SGH , (2.1)
where g = gMNdz
M ⊗ dzN is the metric, ϕI is a dilatonic scalar field,
F I = dAI =
1
nI !
F IM1...MnI
dzM1 ∧ . . . ∧ dzMnI (2.2)
is nI -form ( nI ≥ 2 ) on D -dimensional manifold M , Λ is a cosmological constant and λJI ∈ R ,
I, J ∈ Ω . In (2.1) we denote |g| = |det(gMN )| ,
(F I)2g = F
I
M1...MnI
F IN1...NnI
gM1N1 . . . gMnINnI , (2.3)
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and SGH is the standard Gibbons-Hawking boundary term [16]. This term is essential for a quantum
treatment of the problem. Here Ω is a non-empty finite set. (The action (2.1) with Λ = 0 and equal
nI was considered recently in [9]. For supergravity models with different nI see also [7]).
The equations of motion corresponding to (2.1) have the following form
RMN − 1
2
gMNR = TMN − ΛgMN , TMN =
∑
I∈Ω
[
Tϕ
I
MN + exp(2λJIϕ
J )TF
I
MN
]
, (2.4)
△[g]ϕJ −
∑
I∈Ω
λJI
nI !
exp
(
2λKIϕ
K
)
(F I)2g = 0, ▽M1 [g]
(
exp(2λKIϕ
K)F I,M1...MnI
)
= 0, (2.5)
where
Tϕ
I
MN = ∂Mϕ
I∂Nϕ
I − 1
2
gMN∂Pϕ
I∂PϕI , (2.6)
TF
I
MN =
1
nI !
[
−1
2
gMN (F
I)2g + nIF
I
MM2...MnI
F
I,M2...MnI
N
]
, (2.7)
I, J ∈ Ω . In (2.5) △[g] and ▽[g] are Laplace-Beltrami and covariant derivative operators respectively
corresponding to g .
Here we consider the manifold M = R×M0 × . . .×Mn , with the metric
g = w e2γ(u) du⊗ du+
n∑
i=0
e2φ
i(u) gi, (2.8)
where w = ±1 , u is a time variable and gi = gmini(yi)dymii ⊗ dynii is a metric on Mi satisfying the
equation Rmini [g
i] = λig
i
mini , mi, ni = 1, . . . , di ; λi = const , i = 0, . . . , n . The functions γ, φ
i : R• →
R (R• is an open subset of R ) are smooth.
We claim any manifold Mi to be oriented and connected, i = 0, . . . , n . Then the volume di -form
τi =
√
|gi(yi)| dy1i ∧ . . . ∧ dydii , (2.9)
and signature parameter ε(i) = sign(det(gimini)) = ±1 are correctly defined for all i = 0, . . . , n .
Let Ω from (2.1) be a set of all non-empty subsets of {0, . . . , n} . The number of elements in Ω is
|Ω| = 2n+1 − 1 . For any I = {i1, . . . , ik} ∈ Ω , i1 < . . . < ik , we put in (2.2)
AI = ΦIτi1 ∧ . . . ∧ τik , (2.10)
where functions ΦI : R• → R are smooth, and τi are defined in (2.9). In components relation (2.10)
reads
AIP1...Pd(I)(u, y) = Φ
I(u)
√
|gi1(yi1)| . . .
√
|gik(yik)| εP1...Pd(I) , (2.11)
where d(I) ≡ di1 + . . .+ dik =
∑
i∈I di is the dimension of the oriented manifold MI =Mi1 × . . .×Mik ,
and indices P1, . . . , Pd(I) correspond to MI . It follows from (2.10) that
F I = dAI = dΦI ∧ τi1 ∧ . . . ∧ τik , (2.12)
or, in components,
F IuP1...Pd(I) = −F IP1u...Pd(I) = . . . = Φ˙I
√
|gi1 | . . .
√
|gik | εP1...Pd(I) , (2.13)
and nI = d(I) + 1 , I ∈ Ω .
Thus dimensions of forms F I in the considered model are fixed by the subsequent decomposition of
the manifold.
2
3 σ -model representation
For dilatonic scalar fields we put ϕI = ϕI(u) . Let
f = γ0 − γ,
n∑
i=0
diφ
i ≡ γ0. (3.1)
It is not difficult to verify that the field equations (2.4)–(2.5) for the field configurations from (2.8),
(2.10) may be obtained as the equations of motion corresponding to the action
Sσ =
1
2κ20
∫
du ef
{
−wGij φ˙iφ˙j − wδIJ ϕ˙I ϕ˙J
−w
∑
I∈Ω
ε(I) exp
(
2~λI ~ϕ− 2
∑
i∈I
diφ
i
)
(Φ˙I)2 − 2V e−2f
}
, (3.2)
where ~ϕ = (ϕI) , ~λI = (λJI) , ϕ˙ ≡ dϕ(u)/du ; Gij = diδij−didj , are component of ”pure cosmological”
minisuperspace metric and
V = V (φ) = Λ e2γ0(φ)−1
2
n∑
i=1
λidi e
−2φi+2γ0(φ) (3.3)
is the potential. In (3.2) ε(I) ≡ ε(i1)× . . .× ε(ik) = ±1 for I = {i1, . . . , ik} ∈ Ω .
For finite internal space volumes Vi (e.g. compact Mi ) the action (3.2) coincides with the action
(2.1) if κ2 = κ20
∏n
i=0 Vi .
The representation (3.2) follows from more general σ -model action from [19], that may be written
in the following form
Sσ =
µ
2
∫
du
{
(−w)NGAˆBˆ(σ)σAˆσBˆ − 2N−1V (σ)
}
, (3.4)
where (σAˆ) = (φi, ϕI ,ΦI
′
) ∈ Rn+1+2m , m = |Ω| , µ = 1/(2k20) ; N = exp(γ0 − γ) > 0 is the lapse
function and
(GAˆBˆ) =


Gij 0 0
0 δIJ 0
0 0 ε(I ′) exp
(
2~λI′ ~ϕ− 2
∑
i∈I′
diφ
i
)
δI′J ′

 (3.5)
is matrix of minisupermetric of the model (target space metric), i, j = 0, . . . , n ; I, J, I ′, J ′ ∈ Ω .
Let us fix the gauge in (3.1): f = f(σ) , where f(σ) is smooth. We call this gauge as f -gauge.
¿From (3.4) we get the Lagrange system with the Lagrangian and the energy constraint
L =
µ
2
ef GAˆBˆ(σ)σAˆσBˆ + wµ e−f V (σ), (3.6)
E =
µ
2
ef GAˆBˆ(σ)σAˆσBˆ − wµ e−f V (σ) = 0. (3.7)
We note that the minisupermetric G = GAˆBˆdσAˆ ⊗ dσBˆ is not flat. Here the problem of integrability of
Lagrange equations for the Lagrangian (3.6) arises.
The minisuperspace metric (3.5) may be also written in the form
G = G¯+
∑
I∈Ω
ε(I) e−2U
I(x) dΦI ⊗ dΦI , U I(x) =
∑
i∈I
diφ
i − ~λI ~ϕ, (3.8)
3
where x = (xA) = (φi, ϕI) , G¯ = G¯ABdx
A ⊗ dxB = Gijdφi ⊗ dφj + δIJdϕI ⊗ dϕJ ,
(G¯AB) =
(
Gij 0
0 δIJ
)
(3.9)
i, j ∈ {0, . . . , n} , I, J ∈ Ω , and the potential (−w)V may be presented in the following form
(−w)V =
n∑
j=0
(
w
2
λidi
)
exp[2U i(x)] + (−w)Λ exp[2UΛ(x)], (3.10)
where
UΛ(x) = UΛAx
A =
n∑
j=0
djφ
j , U i(x) = −φi +
n∑
j=0
djφ
j, (3.11)
or in components
(U iA) = (−δij + dj , 0), (UΛA) = (dj , 0), (U IA) =
(∑
i∈I
δijdi,−λJI
)
, (3.12)
i, j ∈ {0, . . . , n} , I, J ∈ Ω .
Let (x, y) ≡ G¯ABxAyB define a quadratic form on V = Rn+1+m , m = 2n+1 − 1 . The dual form
defined on dual space V∗ is following
(U,U ′)∗ = G¯
ABUAU
′
B , (3.13)
where U,U ′ ∈ V∗ , U(x) = UAxA , U ′(x) = U ′AxA and (G¯AB) is the matrix inverse to the matrix
(G¯AB) . Here, like in [15],
Gij =
δij
di
+
1
2−D (3.14)
i, j = 0, . . . , n .
The integrability of the Lagrange system crucially depends upon the scalar products (3.13) for vectors
U i , UΛ , U I from (3.8), (3.11). Here we present these scalar products
(U i, U j)∗ =
δij
dj
− 1, (U i, UΛ)∗ = −1, (UΛ, UΛ)∗ = −D − 1
D − 2 , (3.15)
(U I , U i)∗ = −d(I ∩ {i})
di
, (U I , UΛ)∗ =
d(I)
2−D, (3.16)
(U I , UJ)∗ = q(I, J) + ~λI~λJ , q(I, J) ≡ d(I ∩ J) + d(I)d(J)
2−D , (3.17)
I, J ∈ Ω , i, j = 0, . . . , n .
The relations (3.15) were calculated in [18], the relations (3.17) were obtained in [13] (U IA = −LAI
in notations of [13]).
4 Classical exact solutions
Here we will integrate the Lagrange equations corresponding to the Lagrangian (3.6) with the energy-
constraint (3.7). We put f = 0 , i.e. the harmonic time gauge is considered.
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The problem of integrability may be simplified if we integrate the Maxwell equations
d
du
(
exp
(
2~λI ~ϕ− 2
∑
i∈I
diφ
i
)
Φ˙I
)
= 0, Φ˙I = QI exp
(
−2~λI ~ϕ+ 2
∑
i∈I
diφ
i
)
, (4.1)
where QI are constant, I ∈ Ω .
Let QI 6= 0⇔ I ∈ Ω∗ , where Ω∗ ⊂ Ω is some non-empty subset of Ω . For fixed Q = (QI , I ∈ Ω∗)
the Lagrange equations corresponding to φi and ϕI , when equations (4.1) are substituted, are equivalent
to the Lagrange equations for the Lagrangian
LQ =
1
2
G¯AB x˙
Ax˙B − VQ, (4.2)
where x = (xA) = (φi, ϕI) , i = 0, . . . , n , I ∈ Ω and
VQ = (−w)V +
∑
I∈Ω∗
1
2
ε(I)(QI)2 exp[2U I(x)], (4.3)
(for (−w)V see (3.10)). Thus, we are led to the pseudo-Euclidean Toda-like system (see [15, 17]) with
the zero-energy constraint:
EQ =
1
2
G¯AB x˙
Ax˙B + VQ = 0. (4.4)
4.1 The case Λ = λi = 0 , i = 1, . . . , n .
Here we put Λ = 0 , λi = 0 for i = 1, . . . , n ; and λ0 6= 0 . In this case the potential (4.3)
VQ =
(
w
2
λ0d0
)
exp[2U0(x)] +
∑
I∈Ω∗
ε(I)
2
(QI)2 exp[2U I(x)] (4.5)
is governed by time-like vector U0 (d0 > 1) and m∗ = |Ω∗| space-like vectors U I :
(U0, U0) =
1
d0
− 1 < 0, (U I , U I) = d(I)D − 2− d(I)
D − 2 + (
~λI)
2 > 0 (4.6)
We also put 0 /∈ I, ∀I ∈ Ω∗ . This condition means that all p -branes do not contain the manifold
M0 . It follows from (3.16) that
(U I , U0)∗ = 0, (4.7)
for all I ∈ Ω∗ . In this case the Lagrangian (4.2) with the potential (4.5) may be diagonalized by
linear coordinate transformation za = Sai x
i , a = 0, . . . , n , satisfying ηabS
a
i S
b
j = Gij , where ηab =
diag(−1,+1, . . . ,+1) . There exists the diagonalization such that U0i xi = q0z0 , where
q0 =
√
−(U0, U0)∗ =
√
1− 1
d0
(4.8)
is a parameter, q0 < 1 .
In z -variables the Lagrangian (4.2) reads LQ = L0 + L
E
Q , where
L0 = −1
2
(z˙0)2 −A0 exp(2q0z0), (4.9)
LEQ =
1
2
[
(~˙z)2 + δIJ ϕ˙
I ϕ˙J
]
−
∑
I∈Ω∗
AI exp
(
2~qI~z − 2λJIϕJ
)
. (4.10)
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In (4.9), (4.10) ~z = (z1, . . . , zn) , ~qI = (qI,1, . . . , qI,n) , A0 ≡ (w/2)λ0d0 , AI = (1/2)ε(I)(QI )2 and
~qI · ~qJ = q(I, J) , I, J ∈ Ω∗ .
Thus the Lagrangian (4.2) is splitted into sum of two independent parts (4.9) and (4.10). The latter
may be written as
LEQ =
1
2
( ~˙Z)2 −
∑
I∈Ω∗
AI exp(2 ~BI ~Z) (4.11)
where ~Z = (z1, . . . , zn, ϕI) , ~BI = (~qI , λJI) . Thus the equations of motion for the considered cosmolog-
ical model are reduced to the equations of motion for the Lagrange systems with the Lagrangians (4.9)
and (4.10) and the energy constraint E = E0 + E
E
Q = 0, where
E0 = −1
2
(z˙0)2 +A0 exp(2q0z
0), EEQ =
1
2
( ~˙Z)2 +
∑
I∈Ω∗
AI exp(2 ~BI ~Z). (4.12)
The vectors ~BI in (4.11) satisfy the relations
~BI · ~BJ = q(I, J) + ~λI~λJ , (4.13)
I, J ∈ Ω∗ , where p -brane ”overlapping index” q(I, J) is defined in (3.17).
4.2 The case of orthogonal ~BI
The simplest situation arises when the vectors ~BI are orthogonal, i.e.
~BI ~BJ = (U
I , UJ)∗ = d(I ∩ J) + d(I)d(J)
2−D +
~λI~λJ = 0, (4.14)
for all I 6= J , I, J ∈ Ω∗ . In this case the Lagrangian (4.11) may be splitted into the sum of |Ω∗|
Lagrangians of the Liouville type and n ”free” Lagrangians.
Using relations from [18] we readily obtain exact solutions for the Euler-Lagrange equations corre-
sponding to the Lagrangian (4.2) with the potential (4.5) when the orthogonality conditions (4.7) and
(4.14) are satisfied.
The solutions for (xA) = (φi, ϕI) read
xA(u) = − U
0A
(U0, U0)∗
ln |f0(u− u0)| −
∑
I∈Ω∗
U IA
(U I , U I)∗
ln |fI(u− uI)|+ αAu+ βA, (4.15)
where u0, uI are constants, U
sA ≡ G¯ABU sB are contravariant components of U s , s ∈ {0} ⊔ Ω∗ , G¯AB
is the matrix inverse to the matrix (3.9). Functions f0 , fI in (4.15) are the following
f0(τ) =
∣∣∣∣λ0(d0 − 1)C0
∣∣∣∣
1
2
sh(
√
C0τ), C0 > 0, λ0w > 0;
∣∣∣∣λ0(d0 − 1)C0
∣∣∣∣
1
2
sin(
√
|C0|τ), C0 < 0, λ0w > 0;
∣∣∣∣λ0(d0 − 1)C0
∣∣∣∣
1
2
ch(
√
C0τ), C0 > 0, λ0w < 0; |λ0(d0 − 1)|
1
2 τ, C0 = 0, λ0w > 0; (4.16)
and
fI(τ) =
|QI |
νI |CI |1/2
sh(
√
CIτ), CI > 0, ε(I) < 0;
|QI |
νI |CI |1/2
sin(
√
|CI |τ), CI < 0, ε(I) < 0;
|QI |
νI |CI |1/2
ch(
√
CIτ), CI > 0, ε(I) > 0;
|QI |
νI
τ, CI = 0, ε(I) < 0, (4.17)
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where C0 , CI are constants, and
ν−1I =
√
d(I)
(
1 +
d(I)
2−D
)
+ ~λ2I > 0, (4.18)
I ∈ Ω∗ .
Vectors α = (αA) and β = (βA) in (4.15) satisfy the linear constraint relations:
U0(α) = −α0 +
n∑
j=0
djα
j = 0; U0(β) = −β0 +
n∑
j=0
djβ
j = 0; (4.19)
U I(α) =
∑
i∈I
diα
i − λJIαJ = 0; U I(β) =
∑
i∈I
diβ
i − λJIβJ = 0. (4.20)
Calculations of contravariant components U sA give the following relations
U0i = −δ
i
0
di
, U0I = 0, U Ii =
∑
k∈I
δik +
d(I)
2−D, U
IJ = −λJI , (4.21)
i = 0, . . . , n ; J, I ∈ Ω∗ . Substitution of (4.21) and (4.6) into the solution (4.15) leads us to the following
relations for the logarithms of scale fields
φi =
δi0
1− d0 ln |f0|+
∑
I∈Ω∗
αiI ln |fI |+ αiu+ βi, ϕJ =
∑
I∈Ω∗
λJIν
2
I ln |fI |+ αJu+ βJ , (4.22)
where αiI = −
(∑
k∈I δ
ik + d(I)/(2 −D)
)
ν2I , i = 0, . . . , n ; I ∈ Ω∗ .
For harmonic gauge γ = γ0(φ) we get from (4.22)
γ =
n∑
i=0
diφ
i =
d0
1− d0 ln |f0|+
∑
I∈Ω∗
d(I)
D − 2ν
2
I ln |fI |+ α0u+ β0, (4.23)
where α0 and β0 are given by (4.19).
The zero-energy constraint
E = E0 +
∑
I∈Ω∗
EI +
1
2
(α,α) = 0, (4.24)
where α = (αi, αI) , (α,α) = G¯ABα
AαB = Gijα
iαj + δIJα
IαJ and Cs = 2Es(U
s, U s)∗ , s = 0, I , (see
[18]) may be written in the following form
C0
d0
d0 − 1 =
∑
I∈Ω∗
[CIν
2
I + (α
I)2] +
n∑
i=1
di(α
i)2 +
1
d0 − 1
(
n∑
i=1
diα
i
)2
. (4.25)
The substitution of relations (4.22) into (4.1) implies Φ˙I = QI/f
2
I and hence we get for forms
F I = dΦI ∧ dτI = Q
I
f2I
du ∧ dτI , (4.26)
where τI ≡ τi1 ∧ . . . ∧ τik , I = {i1, . . . , ik} ∈ Ω∗ , i1 < . . . < ik .
The relation for the metric may be readily obtained using the formulas (4.22), (4.23).
g = (
∏
I∈Ω∗
[f2I (u− uI)]d(I)ν
2
I
/(D−2))
{
[f20 (u− u0)]d0/(1−d0) e2α
0u+2β0
×[wdu⊗ du+ f20 (u− u0)g0] +
∑
i 6=0
( ∏
I∈Ω∗
I∋i
[f2I (u− uI)]−ν
2
I
)
e2α
iu+2βi gi
}
. (4.27)
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5 Wheeler–De Witt equation
Let us consider the Lagrangian system with Lagrangian (3.6). Using the standard prescriptions of
quantization (see, for example, [15]) we are led to the Wheeler-DeWitt equation
HˆfΨf ≡
(
− 1
2µ
∆
[
efG
]
+
a
µ
R
[
efG
]
+ e−fµ(−w)V
)
Ψf = 0, (5.1)
where
a =
N − 2
8(N − 1) , N = n+ 1 + 2|Ω|. (5.2)
Here Ψf = Ψf (σ) is the so-called ”wave function of the universe” corresponding to the f -gauge, ∆[G1]
and R[G1] denote the Laplace-Beltrami operator and the scalar curvature correponding to G1 . For the
scalar curvature we get
R[G] = −
∑
I∈Ω
(U I , U I)−
∑
I,I′∈Ω
(U I , U I
′
). (5.3)
For the Laplace operator we obtain
∆[G] ≡ 1√|G|∂Aˆ
(
GAˆBˆ
√
|G|∂Bˆ
)
= eU(x)
∂
∂xA
(
G¯AB e−U(x)
∂
∂xB
)
+
∑
I∈Ω
ε(I) e2U
I (x)
(
∂
∂ΦI
)2
, (5.4)
where
U(x) =
∑
I∈Ω
U I(x). (5.5)
Harmonic-time gauge. The WDW equation (5.1) for f = 0
HˆΨ ≡
(
− 1
2µ
∆[G] + a
µ
R[G] + µ(−w)V
)
Ψ = 0, (5.6)
may be rewritten, using relations (5.3), (5.4) as follows
2µHˆΨ =
{
−Gij ∂
∂φi
∂
∂φj
− δIJ ∂
∂ϕI
∂
∂ϕJ
−
∑
I∈Ω
ε(I) e2U
I(x)
(
∂
∂ΦI
)2
+
∑
I∈Ω

∑
i∈I
∂
∂φi
− d(I)
D − 2
n∑
j=0
∂
∂φj
− λJI ∂
∂ϕJ

+ 2aR[G] + 2µ2(−w)V
}
Ψ = 0. (5.7)
Here Hˆ ≡ Hˆf=0 and Ψ = Ψf=0 .
6 Quantum solutions
Let us now consider the solutions of the Wheeler–De Witt equation (5.6) for the case of harmonic-time
gauge. We also note that the orthogonality conditions (4.7) and (4.14) are satisfied. In z -variables
z = (zA) = (SABx
B) = (z0, ~z, zI) satisfying q0z
0 = U0(x) , qIz
I = U I(x) , qI = ν
−1
I , we get
∆[G] = −
(
∂
∂z0
)2
+
(
∂
∂~z
)2
+
∑
I∈Ω
eqIz
I ∂
∂zI
(
e−qIz
I ∂
∂zI
)
+
∑
I∈Ω
ε(I) e2qIz
I
(
∂
∂ΦI
)2
. (6.1)
The relation (5.3) in the orthogonal case reads as
R[G] = −2
∑
I∈Ω
(U I , U I) = −2
∑
I∈Ω
q2I . (6.2)
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We are seeking the solution to WDW equation (5.6) by the method of separation of variables, i.e.
we put
Ψ∗(z) = Ψ0(z
0)
(∏
I∈Ω
ΨI(z
I)
)
eiPIΦ
I
ei~p~z . (6.3)
It follows from (6.1) that Ψ∗(z) satisfies the WDW equation (5.6) if
2Hˆ0Ψ0 ≡
{(
∂
∂z0
)2
+ µ2wλ0d0 e
2q0z0
}
Ψ0 = 2E0Ψ0; (6.4)
2HˆIΨI ≡
{
− eqIzI ∂
∂zI
(
e−qIz
I ∂
∂zI
)
+ ε(I)P 2I e
2qIz
I
}
ΨI = 2EIΨI , (6.5)
I ∈ Ω , and
2E0 + (~p)2 + 2
∑
I∈Ω
EI + 2aR[G] = 0, (6.6)
with a and R[G] from (5.2) and (6.2) respectively.
Solving (6.4), (6.5) we obtain
Ψ0(z
0) = B0ω0(E0)
(
µ
√
−wλ0d0
eq0z
0
q0
)
, ΨI(z
I) = eqIz
I/2BIωI(EI )
(√
−ε(I)P 2I
eqIz
I
qI
)
, (6.7)
where ω0(E0) =
√
2E0/q0 , ωI(EI) =
√
1/4− ε(I)2EIν2I , I ∈ Ω (νI = q−1I ) and B0ω, BIω = Iω,Kω are
modified Bessel function.
The general solution of the WDW equation (5.6) is a superposition of the ”separated” solutions (6.3):
Ψ(z) =
∑
B
∫
dpdPdEC(P, p, E , B)Ψ∗(z|P, p, E , B), (6.8)
where p = (~p) , P = (PI) , E = (EI) , B = (B0, BI) , B0, BI = I,K , Ψ∗ = Ψ∗(z|P, p, E , B) are given
by relation (6.3), (6.7) with E0 from (6.6).
7 Conclusion
Thus we obtained exact classical and quantum solutions for multidimensional cosmology, describing the
evolution of (n + 1) spaces (M0, g0), . . . , (Mn, gn) , where (M0, g0) is an Einstein space of non-zero
curvature, and (Mi, g
i) are ”internal” Ricci-flat spaces, i = 1, . . . , n ; in the presence of several scalar
fields and forms.
The classical solution is given by relations (4.22), (4.26), (4.27) with the functions f0 , fI defined in
(4.16)–(4.17) and the relations on the parameters of solutions αs , βs , Cs (s = i, I) , νI , (4.19)–(4.20),
(4.18), (4.25) imposed. The quantum solutions are presented by relations (6.3), (6.6)-(6.8).
These solutions describe a set of charged (by forms) overlapping p -branes ”living” on submanifolds
not containing internal space M0 . The solutions are valid if the dimensions of p -branes and dilatonic
coupling vector satisfy the orthogonality restrictions (4.14).
The special case w = +1 , M0 = S
d0 corresponds to spherically-symmetric configurations containing
black hole solutions (see, for example [10, 11, 12]). It may be interesting to apply the relations from
Sect. 6 to minisuperspace quantization of black hole configurations in string models, M-theory etc.
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